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Abstract. In the present paper, an orbital analysis is conducted to study the effect of a transverse
breathing crack on the orbits of the rotor during its passage through the subcritical speeds; this
study makes it possible to predict the presence of cracks in rotors. The classical version of the
finite element method is used to model the rotor. While, the equation of motion is obtained
by the application of the Lagrange equation on the kinetic and deformation energies of the
different components of the rotor taking into account the variation of the shaft’s stiffness due to
the crack, The results are obtained using a Matlab code based on Newmark’s beta method, this
program allows us to plot the orbits of the rotor centre during its passage through the subcritical
speeds.
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1. Introduction

Rotors have extensive applications in many industrial machines; they are widely
used in turbines, compressors, pumps, motors ... etc. Continuous loads on the rotors
can lead to unpredictable damage and failure such as cracks. This damage leads to
dangerous, destructive and catastrophic scenarios.

Over the past three decades, many researchers have worked and provided
theoretical and experimental work to study the dynamics of cracked and uncracked
rotors. Comments on cracked rotors can be found [1-3]. In addition, the finite element
stiffness matrix of the cracked element of a cracked rotor was determined, using the
flexibility matrix method. As a result, the finite element model (FEM) was formulated
and solved for studying the dynamic behaviour of the cracked rotor system [4-9].

Studies on multiple faults were also conducted in [10] and [11] where different
techniques were employed to study the faults including frequency response and whirl
orbits analysis. In the remaining part of this introduction, the impact of typical faults in
rotor systems on shaft’s whirling in its whirl orbit is reviewed.

The breathing and the open model of the transverse crack are considered to be
the main theories to study the vibratory behaviour of cracked rotor systems. Since the
breathing crack causes asymmetry in the shaft cross section, the principle of asymmetric
bending should be utilized for accurate modeling of the breathing behaviour, in which
the neutral axis will be inclined with changing the rotational angles, instead of the
assumed horizontal neutral axis as developed [12]. Several people since the 1970s [13-
16] have considered the stiffness change due to a crack and incorporated this into the
equations of motion, in the form of a time-periodic function changing between the
maximum stiffness value for the fully closed crack status and a minimum value for the
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fully open crack status. [17] expressed the equation
of motion with the response-dependent stiffness in
a simple rotor. [18] evaluated the dynamic response
of the rotor with a breathing crack by expanding
the changing stiffness of the crack in a truncated
Fourier series and using the Harmonic Balance
Method. The dynamic behaviour of the whirl orbits
in the neighbourhood of the subcritical rotational
speeds or during the passage through these speeds
was studied in [19-22] for a cracked rotor with a
breathing crack model

The orbits during transient operation at the
critical speed and at half of the critical speed were
considered to be the unique characteristics of the
cracked rotor system. Babu, et al. [23] analysed the
coupling of the longitudinal and lateral steady
state vibrations of a cracked Jefcott rotor system
subjected to axial excitation. Presence of axial
excitation frequencies in the lateral vibration
spectra represents the vibration coupling and thus
a crack presence indicator. Moreover, numerical
and experimental investigation of the dynamic
behaviour of a cracked rotor system during start-
up was carried out by EI-Mongy et al [24] verified
theoretical findings through experiments with a
fatigue crack rotor.

Therefore, the number of the loops in the orbits
at a given rotation speed can help to identify the
critical speed of the cracked shaft. However, because
the size of the loops depends on the crack depth
[25]

A review of some previous techniques for
modeling the open and the breathing crack
models and the different methods of solution was
introduced in [26]. the presence of cracks causes
a local variation in the stiffness of the shaft of
the rotor. The techniques used to formulate this
variation, while using the FEM, are the flexibility
matrix method and the method of the time-
varying stiffness. The flexibility matrix method is
the most common technique used to formulate
the stiffness matrix of a cracked element of the
rotor [27-30], The time-varying stiffness method
which uses the formulas of the moments of inertia
of an asymmetric rod in space is translated by a
reduction of the moments of inertia around the
axes of rotation of the cracked element, this method
was used in [31,32] to study the model of the open
cracks and in [33-35] to study the breathing cracks.
Di et al. [36] studied the vibration response of a rotor
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system with an elliptical crack. The cracked element
stiffness was estimated based on the strain energy
density approach that was described for the straight
fronted crack [37].

In recent years, the hollow structures are
widely used in aero-engine to improve efficiency.
More attention is needed about the dynamic
characteristics of cracked rotor system with hollow
shaft in the engineering rotor [38,39]. the previous
studies of cracked rotors show that the critical
frequencies and the orbits as well as the amplitudes
of the cracked rotor are slightly different from the
uncracked rotor.

In our work, we use the classical version of FEM
and the time-varying stiffness method to study the
influence of breathing transverse crack on the orbits
of the rotor centre during its passage through the
subcritical speeds. This study makes it possible to
determine the presence of cracks. A program that
allows us to plot the orbit of the rotor centre of a
cracked and uncracked rotor has been realized in
MATLAB. This program is based on the non-linear
method of Newmark. After the validation of our
results, we study the orbit’s behaviour according
to the crack depth and according to the subcritical
speeds.

2. Equation of Motion

The Jeffcott rotor model is studied in this
work (rigid disk and flexible shaft). The equations
of motion are obtained by the application of the
Lagrange equation:

djor)|_°or v _p (1)
dt\ dq, ) 0Oq, g,

Where: T - kinetic energy; U - Potential energy; F -
External Forces; g - Generalized coordinates.
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Figure 1: Model of a Jeffcott rotor.

Kinetic energy of the disk
The expression of the kinetic energy of the disk

is given by:
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Where:  and w are the flexural velocities according
to the X and Z axes of the fixed coordinates (OXYZ);
6, and 6. are the angular velocities according to
the X and Z axes; ma is the mass’s disk; Q is the
angular velocity; lax, Isz and lar are the moments of
inertia of the disk, their expressions are given as:

Iy=1I, =%(3r2 +3R*+¢?) (3)
m
Ly =5 (r+R) (4)

Kinetic and strain energy of the shaft
The expression of the kinetic energy of an

element of the shaft with a length Le is given by:
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The deformation energy of an element of
the shaft is calculated by considering the case
of an Euler-Bernoulli beam (shear deformation is
negligible), this latter is given by:
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In the case of an uncracked element, the
moments of inertia of the cross section in the fixed
coordinates are equal to Ix=Iz=nR?/4 and Ixz=0.
In the case of cracked element and according
to W.D. Pilkey [13], the moments of inertia of the
cracked section in the fixed coordinates (Figure 1)
are given by:

I, =1sin>Qt+1_ cos’ Qt—21_ cosQtsinQt
I, =1_sin" Qt+1 cos’ Qt =21 _cosQtsinQt (7)
I, =(1,-1.)sinQtcos Q21 (cos® Qt —sin’ Q)

Where Ix, Iz and Ixz are the moments of inertia of
the uncracked section according to the rotating
coordinates Oxyz (Figure 2), when Qt:—% (fully
open crack), the expressions of these moments are
given by [12] as:
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Where wu=h/R is the ratio between the crack

depth and the radius of the shaft (0< u <1) and
y=yu(2-u).

In the case of breathing cracks, the expressions
of the moments of inertia of the cracked element
(uncracked section); (Figure 2); during the rotation
are given as:

I = (—1” —L jsin(Qt) + [—I" L j
2 2

1, :[la;IZJSiH(Qt)+[1a;[zj (9)
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Figure 2: Cross-section of the cracked element.

Figure 3 shows the variation of the stiffness of
the cracked element with respect to the rotational
angle (Q ), that means the time-varying stiffness.
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Figure 3: Variation of the stiffness of the cracked element with
respect to the rotational angle (Qt).

Figures 4 and 5 represent the of variation curves
of Iy, Iz, et Ixz according to rotational angle (Qt) in
the case where u=0.5. These figures show that, for:
— Ot=n/2; where the crack is totally close; I, I take the value of the
moments of inertia of uncracked section (1,).

— Ot=-n/2; where the crack is totally open; Izis greater than Ix, this
is because the asymmetry of the cross section.



— Ot=n/2, Ot=n/4, Ot= 3n/4, Qt= -n/4 and Qt= -3m/4 the cross
section is symmetric according the X and Z axes, therefore Ix=Iz and
Ixz=0.

Figures 6-8 represent the variation curves of Ix,
Iz and Ixz for R=0.795e—3 m with different values
of u; from these figures we can see that the stiffness
of the shaft decrease with the increase of the crack
depth, this variation is periodic during its rotation
(time varying stiffness).
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Figure 4: Variation curve of Ix and Iz according to rotational
angle (Qt).
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Figure 5: Variation curve of Ixz according to rotational angle
Q).
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Figures 6: Variation curve of Ix with different value of crack
depth (p).
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Figures 7: Variation curve of Iz with different value of crack
depth (p).
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Figures 8: Variation curve of Ixz with different value of crack
depth (p).
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Generalized forces of the bearings
The components of the generalized forces of the

bearings Fvand Fwalong the X and Z axes are given
as:

F, _ k)(x kxz u Cxx Cxz u
F, - kye  ky |lw Cox  Cop ||W
Kinetic energy of the unbalance

The unbalance is characterized by its kinetic

energy given by:
T, = m,dQ’ (iisin (Qt + B) —wcos(Qr + B))

(10)

(1)
Where: m» - is the mass of the unbalance; d - is the
distance between the position of the unbalance

mass and the centre; B - is the angle with respect
to Z axis.

2. Matrix Formulation

We use the classical version of the FEM to
determine the global matrices of the equation of
motion [11]:

(o, i+ (6.}l ([, ]+ 5. D= 02

Where: [MgJ is the global mass matrix which
comprises the mass matrix of the disk and the
shaft;[GgJ is the global gyroscopic matrix that
includes the gyroscopic matrix of the disk and
the shaft;[Kg is the global stiffness matrix of the
shaft which comprises the stiffness matrix of the
cracked element assembled with the matrices of
other elements replacing the matrix of the healthy
element by the matrix of cracked element; [Cp] and
[KJ are the damping and stiffness matrices of the
bearings; ¢ is the vector of generalized coordinates;
Fyisthe vector of unbalance forces; Q is the rotation
speed in rad/s.

3. Validation

Figure 9 shows the finite element model of
the rotor studied by Al-Shudeifat [8], the rotor
is discretized into 12 elements, and the physical
parameters of this rotor are presented in table 1.

Mass unbalance Disk —={"]
[] O]
Elfz- 1t stefrfsfotofefnir
L] L]
Cracked element (element 3) Bearing

Figure 9: Finite element model of the studied rotor [8].



Table 1: Physical parameters of the studied rotor.

Young's Module (E) 2.1e11 N/m?

Length of the shaft (L) 0.65m

Density of the shaft (pa) 7800 kg/m’(Steel)
Position of the disk 1 0.124 m (from the left bearings)
Position of the disk 2 0.6 m (from the left bearings)

Inner radius of the disks (R) 0.795e*m
External radius of the disks (r) 76.2e*m
Thickness of the disks (e) 11.72e3m

Density of the disk (pd) 2700 kg/m?* (Aluminium)
Stiffness of bearings (ke kz) 7¢’ N/m
Damping of bearings (cx,cz2) 5¢” Ns/m

Mass unbalance (mvd?) 107 kg.m?

Mass unbalance angle /2 rad

To improve the efficiency of our program, we
compare our results with those experimental results
of Al-shudeifat’s [16].

Figure 10 shows our theoretical orbits (Blue) and
the Al-shudeifat’s experimental orbits (Black) of node
2 of the studied rotor during its passage through
the first backward (a) and forward (b) subcritical
speed in the case where p=0.48; knowing that the
first backward speed wbs1=2850 rpm and the first
forward speed @n=3007 rpm. From this Figure, we
can see a clearly identification of amplitudes and
orbits shape of our results and the experimental of
Al-shudeifat’s [16].

£2=1406 rpm £2=1444 rpm
011 (f) |
0.05 a m‘ 1
i
°f \b /1
-0.05
\c_,/

1 -
005 0 005 01

4, Rerult and Discussion

In this part of our work, we study the orbit’s
behaviour according to the crack depth and
according to the subcritical speeds.

Figure 11 shows the variation of orbits of node
2 during its passage through the first subcritical
forward speed (1/2 wn=1500 rpm) for different
values of the crack depth. An inner loop appears
in the orbit of the cracked shaft compared to the
intact shaft where its circumference increase with
the propagation of the crack.

Figure 11 shows the variation of orbits of node
8 during its passage through the first, second , third
and the fourth subcritical forward speeds (1/2
wrn~1500 rpm ; 1/3 wn=1000 rpm; 1/4 wn=750
rpm; 1/5 wn=600 rpm) where the non-dimensional
crack depth u=0.6. From this figures; more inner
loops appear for the second, third and the fourth
subcritical speeds.

5. Conclusion

In this work, we are studied the influence of a
transverse breathing crack on the orbits of a rotor
during its passage through the subcritical speeds;
a program based on the method of Newmark beta
was developed in MATLAB. Our results are compared
with an experimental work. From our results, we can
notice that:

» Inner loops appear on the orbits due to the presence of a

breathing crack.

» The inner loop evolves with the increase of the crack depth

» The inner loops evolve when the rotor turns through its

2=1500 rpm 42=1538 pm
01 (g),/\‘ 011 (h) - \ |
0.05 a\ | 0.05 / |
0 d b}' 0 J{ 7
/
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Figure 10: Experimental and theoretical orbits of the studied rotor during its passage through the first backward (a) and forward

(b) subcritical speed.

10 | VOLUME 29, No. 1, 2025



1

0.

-0.

Figure 11: Orbits of node 2 for different values of crack depth
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Figure 12: Orbits of node 8 through the first forward subcritical

subcritical speeds.

» More inner loops appear when the rotor turns through its
second and third subcritical speeds.

» The orientation of the inner loops changes during the rotation
of the rotor.

» As the rotor speed increase the inner loops evolves.

4 “
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