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Abstract: This paper presents three methods for calculating the fractal dimension
and its application in Mechanical Engineering. The microstructure of hardened
specimens is very complex and we cannot describe it with classical Euclidian
geometry. Thus we use a new method, fractal geometry. We present the method
of box-counting, homeomorphic model and the R/S method to calculate fractal
dimensions. We compare how these three different methods have an impact on
the mechanical properties of robot laser hardened specimens. We use the statistical
method of multiple regression to describe the percentage of black pixels of SEM
images of robot laser hardened specimens. Robot laser hardening is a technology
of heat treatment process. Today, technologists who operate various CNC
machines only have a knowledge based on practical experience. Each technologist
must consider numerous CNC machine parameters to obtain the desired results.
Because this is a very time-consuming process, we used a statistical method, which
allows us to obtain results more quickly. Heat treatment is known as a quicker way
to access information according to the desired specifications. It was necessary to
use a statistical method based on individual samples to disclose the percentage of
black pixels of SEM images of robot laser hardened specimens. With this statistical
method, we increase the production of the process of laser hardening, because
we decrease the time of the process and increase the topographical properties of
materials.
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1. Introduction

Statistics is an important tool to handle the vast data of the present era, as
statistics can interpret all the information in such a way that many conclusions
can be extracted from it. It is the study of the collection, analysis, interpretation,
presentation, and organisation of data. Thus, statistics can be called that body of
analytical and computational methods by which the characteristics of a population
are inferred through observations made in a representative sample from that
population. Although the objective of statistical methods is to make the process
of scientific research as efficient and productive as possible, many scientists and
engineers have inadequate training in experimental design and in the proper
selection of statistical analyses for experimentally acquired data. Nature is full of
shapes and images, which from a distance may seem similar to each other (i.e.
Self-Similarity Briefings). A well-known example of such a self-similar pattern is
Sierpinski's pyramid. Similarly, we can define the field of statistics. Let us forever,
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in itself statistically similar data series. Any part
of this series would have the same statistical
characteristics as the entire series or any other part
of this series. Of all microscopic methods, electron
microscopy images give the best resolution, the
most accurate information of the distribution
of crystals in the building, the best morphology
of the various structural types and the best
structural surface. In fractal geometry [1], the
fractal dimension, D [2-4] is a statistical quantity
that gives an indication of how completely a
fractal appears to fill space as one zooms down
to finer and finer scales. A fractal surface consists
of many complicated zigzag planes. Recently, the
concept of the fractal dimension has been applied
to the analysis of these surfaces. Figure 1 presents
the statistical self-affinity fractal structure of SEM
pictures of robot laser hardened specimens.

"

Fig. 1: Statistical self-affinity fractal structure of SEM pictures of ro-
bot laser hardened specimens.

Models of fractal lines and surfaces were created
to describe the properties of the microstructure
of materials. The subject of fractal scan be used
to assist in the analysis of surfaces encountered
in robot laser hardening. Robot laser hardening
[5-8] is a metal surface treatment process
complementary to the conventional flame and
induction hardening processes. A high-power
laser beam is used to heat a metal surface rapidly
and selectively to produce hardened case depths
of up to 1.5 mm with hardness values of up to 65
HRc. A hard martensitic microstructure provides
improved properties such as wear resistance and
increased strength. To harden the work piece, the
laser beam usually warms the outer layer to just
under the melting temperature. The aim of this
study is to see the use of statistical methods in
Mechanical Engineering, in order to analyse SEM
images of robot laser hardened specimens.
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2. Materials preparation, Methodology and
Statistical Method

First, we hardened tool steel with a robot laser
cell. We changed two parameters, speed v € [0, 5]
mm/s, and temperature T € [850, 2000] °C. After
hardening, we polished and etched all specimens.
Detailed characterisation of their microstructure
before and after surface modifications was
conducted wusing a field emission scanning
electron microscope (SEM), JEOL JSM-7600F. The
SEM pictures were converted into binary images,
from which we calculated the fractal dimension.
Fractal dimensions were determined using the
Hurst exponent H estimation method.

We present three methods for calculating the
fractal dimension. First, we present the box-
counting model [9,10], to calculate the fractal
dimension. Box counting is a method of gathering
data for analysing complex patterns by breaking a
dataset, object, image, etc. into smaller and smaller
pieces, typically "box" shaped, and analysing the
pieces at each smaller scale. Theoretically, the
intent of box counting is to quantify fractal scaling,
but from a practical perspective this would require
that the scaling be known ahead of time. To
analyse the possibility of the application of fractal
analysis to the heat-treated surface, we examined
the relation between the surface of mechanical
property and fractal dimensions, depending
on various parameters of the robot laser cell. In
fractal geometry, the key parameter is the fractal
dimension D. The relationship between the fractal
dimension D, volume V and length L, can be
indicated as follows:

V~L.

Fractal dimensions were determined using the
box-counting method, which has been proven to
have higher calculation speed and more accuracy
by Dougan [11] and Shi [12].

Secondly, we present the homeomorphic regular
fractal model [13,14], to calculate the fractal
dimension. This method is similar to the box-
counting method. In this case we use a circle or
ellipse and not a box/square. Fractal dimensions
quantify such fracture models, and the non-
integer exponents can be used for estimating the
mechanical properties of the fracture surfaces of
robot laser hardened specimens.
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Fig. 2: Calculation of fractal dimensions with box-counting meth-
od.

Fig. 3: Calculation of fractal dimensions with homeomorphic
model.

Thirdly, we present the R/S method [15,16]. The
R/S method (adjusted rescaled range method) or
the adjusted scale is a graphical method and was
selected for the estimation of the Hurst exponent.
Hurst, the discoverer of the exponent that bears his
name, studied power laws as they related to the
Nile river floods. The adjusted scale of the partial
summation area space component series deviates
from the mean. Following Feder, the R/S analysis is
as follows. Let the time series of natural phenomena
in discrete time in the space component period 7
be {z1, 22,..., z.}. The calculation of the average
distance m for the period t is presented:
m= (x1+xz+ +xn)/n
Z(t) is calculated as in Eq. (2).
Z(t) = (11— m)+(z2— m)+..+(zn— m)

R(n) is calculated as:

R(

n) = max(Z1, Ze,....7) —min(Z1, Z,...,7n)
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S(n)?is calculated as:
S(n)?= (z1 — m)>+(x2 — m)* ... +(xn — m)?

Hurst observed the relationship R/S for a large
number of natural phenomena and found the
following empirical relationship:

R/S=(c-7)".

The relationship between Hurst's exponent H
and the box-counting method for determining the
fractal dimension D is very simple. It is presented
(in the plane):

D=2—H.

We use the statistical method of multiple
regression [17,18] to predict the mechanical
properties of robot laser hardened specimens.
Multiple linear regression attempts to model the
relationship between two or more explanatory
variables and a response variable by fitting a linear
equation to observed data. Every value of the
independent variable x is associated with a value
of the dependent variable y. Formally, the model
for multiple linear regression, given n observations,
is
yi = o+ Prza+ Parxiz + ... + Bpaip + Bi
fori=12,..m

In the least-squares model, the best-fitting line
for the observed data is calculated by minimising
the sum of the squares of the vertical deviations
from each data point to the line (if a point lies on
the fitted line exactly, then its vertical deviation is
0).

3. Results

InTable 1, the parameters of hardened specimens
that have an impact on hardness are presented.
We mark specimens from P1 to P22. Parameter
X1 represents the parameter of temperature [°C],
X2 represents the speed of hardening [mm/s], X3
represents the fractal dimension calculated with
box-counting, X4 represents the fractal dimension
calculated with  homeomorphic model, Xs
represents the fractal dimension calculated with
the R/S method and Xe represents the percentage
of black pixels (before the process of hardening).
The final parameter presents the percentage of
black pixels of SEM images of robot laser hardened
specimens. With the fractal dimension we describe
the complexity of hardened specimens. In Table
1, we can see that specimen P11 has the largest
fractal dimension, 1.9784, calculated with box-
counting method. Specimen P5 has the largest



fractal dimension, 1.8065, calculated with the
homeomorphic model. Specimen P15 has the
largest fractal dimension, 1.456, calculated with
the R/S method. Specimen P14 has minimal black
pixels of SEM images of robot laser hardened
specimens, 19.858%. Specimen P22 has the
maximum percentage of black pixels. Table 2
presents statistical properties of the parameters
of robot laser hardened specimens P1—P22.
Table 2 presents statistical properties of robot
laser hardened specimens P1—P22. In Table 4, the
experimental and prediction data are presented.
S represents the name of the specimens, ED
represents experimental data. Predictions with
multiple regression are presented in column PMR.
The measured and predicted black pixels of the
SEM pictures of robot laser hardened specimens
are shown in the graph in Fig. 4. The regression
model is presented below. The model of multiple

Table 1: Parameters of hardened specimens.
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regression PMR1 presents a 14.56%, the model of
multiple regression PMR2 27.46 %, the model of
multiple regression PMR3 44.02 % and the model
of multiple regression PMR4 6.88 % deviation from
the measured data.

Model of multiple regression PMR
Y=-55,1455—0,01409%X1-2,50346xX2+60,4
6287xX3+0,122667xX6

Model of multiple regression PMR2
Y=89,72848—0,00976xX1—
1,68654xX2+25,1163%xX4—0,146841XX6
Model of multiple regression PMR3
Y=13,89629—-0,01607xX1—
2,73985%XX2+31,95797xX5-0,202305X X 6
Model of multiple regression PMR4
Y=-55,2097-0,00687xX1—
1,2046XX2+74,45655%X X 3—
29,7657XX4+7,25088X X5+
0,055399%X6

P1 1000 2 1,9135 1,7365 1,366 84,436 38,552
P2 1000 3 1,9595 1,6680 1,373 84,436 44,695
P3 1000 4 1,9474 1,6871 1,366 84,436 42,660
P4 1000 5 1,9384 1,7458 1,381 84,436 40,922
P5 1400 2 1,9225 1,8065 1,380 84,436 36,446
P6 1400 3 1,9781 1,4956 1,382 84,436 49,225
p7 1400 4 1,954 1,1664 1,371 84,436 45,404
P8 1400 5 19776 14784 1,356 84,436 48,245
P9 1000 2 1,972 1,6220 1,409 38,552 45,467
P10 1000 3 1,8580 1,7426 1,362 44,695 31,727
P11 1000 4 1,9784 1,6142 1,392 42,660 45,431
P12 1000 5 1,941 1,6982 1,355 40,922 42,309
P13 1400 2 1,9783 1,6743 1,343 36,446 36,116
P14 1400 3 1,5810 1,3634 1,399 49,225 19,858
P15 1400 4 1,9650 1,5155 1,456 45,404 46,150
P16 1400 5 1,8113 1,5342 1,397 48,245 35,778
P17 800 0 1,9669 1,6528 1,375 84,436 46,516
P18 1400 0 1,9753 1,2996 1,406 84,436 52,332
P19 2000 0 1,9706 1,6427 1,381 84,436 50,766
P20 950 0 1.9631 1,1693 1,321 84,436 68,155
P21 850 0 1.9537 1,1042 1,381 84,436 74,245
P22 0 0 1.9721 0,7332 1,371 84,436 84,436
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Table 2: Statistical properties of parameters of robot laser hardened specimens P1-P22.

Average

1,9308

1,3783

69,466

46,610

Max 2000 5,00 1,9784 1,8065 1,456 84,436 84,436
Min 0 0,00 1,5810 0,7332 1,321 36,446 19,858
Table 3: Statistical properties of robot laser hardened specimens P1-P22 for multiple regression model PMR4.
SS Regression 3730576
SS Residual 394,996
R2 0,904257
Std Error of Estimate 5131576
F ratio via R2 23,61148
Table 4: Experimental and prediction data of robot laser hardened specimens.
S ED PMR1 PMR2 PMR3 PMR4
P1 38,552 50,81079 40,93403 70,57999 40,87794
P2 44,695 51,08862 38,09214 69,31021 45,18805
P3 42,660 47,85356 36,7095 66,18367 42,46325
P4 40,922 44,80594 35,24901 63,15619 38,95005
P5 36,446 45,71896 36,80398 64,43961 36,81796
P6 49,225 46,59537 33,71344 63,48621 49,04414
P7 45,404 42,61662 32,63974 59,96659 55,74191
P8 48,245 41,54008 30,36045 57,98095 46,89883
P9 45,467 48,71942 32,72707 63,16697 46,41168
P10 31,727 40,07673 34,80583 58,02667 33,12882
P11 45,431 44,60338 29,79647 58,72287 44,81549
P12 42,309 39,62541 28,79407 54,43618 3796133
P13 36,116 43,21204 28,35308 56,51745 41,98823
P14 19,858 18,2482 38,52424 43,66275 21,56275
P15 46,150 38,49377 26,63196 5242176 44,62372
P16 35,778 27,04567 29,22297 45,34472 31,14812
P17 46,516 61,86443 44,9179 80,98025 51,19377
P18 52,332 5391832 38,85092 71,60669 5843523
P19 50,766 45,18014 33,11297 61,81449 43,5694
P20 68,155 59,52117 43,54934 78,44831 63,8805
P21 74,245 60,36182 44,76143 79,7549 66,24041
P22 84,436 73,45084 52,59529 94,00243 84,42048
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Fig. 4: Measured and predicted black pixels of SEM pictures of ro-
bot laser hardened specimens.

4, Discussion

Statistical methods are useful in Mechanical
Engineering. We used the statistical method of
multiple regression to describe the parameters
of robot laser cell for hardening, complexity of
robot laser hardened specimens and percentage
of black pixels of SEM images of robot laser
hardened specimens. The fractal approach is more
appropriate in the characterisation of complex
and irregular surface microstructures observed in
the surface of robot laser hardened specimens,
and can be effectively utilised for predicting the
properties of material from the fractal dimensions
of the microstructure. The fractal analysis of a series
of digitised surface microstructures from the robot
laser surface modified specimens indicated that
useful correlations can be derived between the
fractal dimensions and the surface microstructural
features such as the percentage of black pixels of
the SEM images of robot laser hardened specimens.
In this paper, we describe how the parameters
(viz. speed and temperature) of the robot laser
cell affect the percentage of black pixels of the
SEM images of robot laser hardened specimens
using a new method, fractal geometry. In models
of multiple regression PMR1, multiple regression
PMR2 and multiple regression PMR3 have the
greatest impact on fractal dimension. Models of
multiple regression PMR4 have the greatest impact
on fractal dimension calculated with the box-
counting method. Statistical properties of robot
laser hardened specimens P1—P22 for model
multiple regression PMR4 are SS Regression is
3730576, SS Residual is 394.996, R2 is 0.904257,
standard error of the estimate is 5.131576 and
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F ratio via R2 is 23.61148. The model of multiple
regression PMR1 presents a 14.56%, the model of
multiple regression PMR2 27.46%, the model of
multiple regression PMR3 44.02% and the model
of multiple regression PMR 4 6.88% deviation from
the measured data.

5. Conclusions

Traditionally, statistics were concerned with
drawing inferences using a semi-standardised
methodology that was "required learning" in
most sciences. In this paper we used a statistical
method in Mechanical Engineering. Fractals are
a very good method to describe the complexity
of patterns. Fractal structures are also found in
robot laser-hardened samples when viewed under
sufficient magnification. Using the R/S method,
the homeomorphic model and the box-counting
method, we analysed specimens of equal-
tempered metal after subjecting them to robot
laser hardening using various parameters. The
main findings can be summarised as follows.

A fractal structure exists in robot laser
hardening. We used three methods: R/S method,
homeomerphic model, and box-counting method
to calculate the fractal dimensions for different
parameters of robot laser cell for hardening. The
dependence of the fractal dimension on the
percentage of black pixels of the SEM images of
robot laser hardened specimens was ascertained.
This finding is important if we know that certain
alloys mix poorly because they have different
melting temperatures, but such alloys have much
higher percentage of black pixels of the SEM
images of robot laser hardened specimens and
better technical characteristics. By varying different
parameters (i.e. temperature and speed), robot
laser cells produce different fractal patterns with
different fractal dimensions. We use the statistical
method of multiple regression to analyse robot
laser hardened specimens
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