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Abstract: Some critical aspects of the cracked Brazilian-disc test are explored in
the light of recently introduced analytic solutions for the stress- and displacement-
fields developed in a centrally cracked cylindrical disc under uniform pressure (act-
ing along two finite arcs of its periphery symmetric with respect to the disc's center).
The study is focused to the reliable determination of the respective Stress Intensity
Factors (SIFs) and also to the role of the actual boundary conditions along the disc-
jaw contact arc (assuming that the disc is compressed between the curved jaws of
the device suggested by the International Society for Rock Mechanics (ISRM) for
the standardized implementation of the Brazilian-disc test). The crack is assumed
relatively short with respect to the disc’s radius. The results of the analytic approach
concerning the SIFs and the length of the disc-jaw contact arc are compared to
the respective ones obtained experimentally using the method of Caustics. The
agreement is satisfactory at least for load levels for which the linearity assumption
is not violated. Taking advantage of the insight gained additional issues related to
the validity of the test as a mean to determine mode-I fracture toughness are criti-
cally discussed revealing that quite a few questions are still open although the test
is standardized by ISRM almost since 20 years.

Keywords: Cracked Brazilian Disc, Rock-like Materials, Linear Elasticity, Complex Potentials,
Contact arc, Closing Cracks, “Overlapping’, Caustics.

1. Introduction
The Brazilian-disc test was introduced by Carneiro [1] and Akazawa [2] as a substi-
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tute of the direct tension test in case of specimens
made of concrete or brittle geomaterials. Due to its
simplicity the test became soon very popular and
(in spite of quite a few concerns about the relation
between the quantity obtained from this test and
the actual tensile strength [3, 4]) the respective
procedure was standardized by ISRM already since
1978 [5].

Besides its use for the determination of the ten-
sile strength the Brazilian-disc test is nowadays
widely used also for the determination of mode-|
fracture toughness KIC (assuming of course that
the disc-shaped specimen is centrally cracked as it
is shown in Fig. 1). This quantity, which somehow
quantifies the resistance to crack initiation under
tensile loading, is an irreplaceable tool for many
engineering applications. Although the experi-
mental procedure for the determination of KIC us-
ing the cracked Brazilian-disc test (in the form of
the Cracked Chevron Notched Brazilian Disc - CCN-
BD) is also standardized by ISRM since 1995 [6], a
number of critical issues are still to be enlightened
[7,8]. They are related to either practical laboratory
aspects (i.e. machining central cracks in rock-like
specimens, reducing friction at the disc-jaw inter-
face etc) and also to the independence of the fi-
nal outcome of the test from the geometry of the
specimen. The latter is of crucial importance since
it is well documented in the literature that using
differently-shaped specimens the values obtained
for KIC are not identical with those obtained us-
ing the standardized cracked Brazilian disc-test [9].
Moreover some researchers believe that “.. the for-
mula of ISRM was inadequate and inaccurate” [10] while even
Fowell, who is among the founders of the respec-
tive ISRM standard stated, that “.. it may be necessary
to revise the dimensionless SIF values for a future release of the
suggested method to incorporate some recent developments. More
research and input from different sources need to be coordinated
[11]"

To the present author’s opinion the main rea-
sons for the above mentioned inconsistencies are
two: (i) the lack of a convincing theoretical model
describing the displacement- and stress-fields
developed in a cracked circular disc compressed
between the curved jaws of the ISRM suggested
device for the standardized realization of the Bra-
zilian-disc test (which in turn results to insuperable
difficulties prohibiting the determination of sound
values of the respective SIFs) and (ii) the fact that
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the actual boundary conditions prevailing along
the disc-jaw interface are ignored since it is usually
assumed that their influence is limited in the im-
mediate vicinity of the disc-jaw contact arc. Both
problems are extremely complicated and closed
form solutions are not to be expected especially
when the length of the crack is comparable to the
diameter of the disc.

In this context an attempt is here described to
deal with these issues by taking advantage of re-
cently introduced solutions for the stress- and dis-
placement-fields in a centrally cracked circular disc
(assuming that the crack is relatively short com-
pared to the disc’s radius) [12] and for the naturally
accepted boundary conditions in case the Brazil-
ian-disc test is considered as a contact problem of
two elastic cylindrical bodies [13]. The solution in
both cases was achieved by employing Kolosov's
- Muskhelishvili's [14, 15] complex potentials tech-
nique.

Fig. 1: The device suggested by ISRM for the standardized imple-
mentation of the Brazilian-disc test. A typical cracked disc shaped
specimen with a central crack is placed between the jaws of the
device with the crack oriented along the symmetry axis of the pres-
sure distribution.

The formulae obtained for the contact arc and
the load distribution along the contact arc as well
as for the stresses and displacements (especially in
the immediate vicinity of the crack tip along the
crack axis) are relatively simple and compact.

As a first step the formulae for the stresses
around the crack tip are used to obtain closed form
expressions for the SIFs which are valid through
the whole range of crack inclinations with respect
to the loading axis, ¢o, even for configurations for
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which the crack lips are coming in contact gen-
erating additional normal and tangential stresses
(contact stresses) along the crack lips. The latteris a
critical point and has been recognized by many au-
thors as the source of quite a few misunderstand-
ings. Atkinson et al. [16] in their pioneering work
clearly stated that “at the point of crack closure, the model of
the crack must be altered.” In case crack closure is ignored
the formal application of the theoretical formu-
lae may lead to unnatural phenomena as it is for
example the overlapping of the crack lips or their
mutual interpenetration or the negative values for
the mode-I SIF.

The validity of the results obtained is then as-
sessed by comparing the SIFs-values with those ex-
peri-mentally obtained using the Reflected Caus-
tics method. The same experimental tool is used
to explore the validity of the solution concerning
the length of the contact arc and the assumption
about its equality with the respective quantity in
case of intact discs. In both cases the agreement
is satisfactory as long as the linearity assumption is
satisfied.

Based on the insight gained from the analytic
and experimental study some additional contro-
versial aspects of the cracked Brazilian-disc test
are discussed, leading to the conclusion that the
procedure followed for the standardized determi-
nation of Kic should be further studied before its
outcome is definitely accepted as the true value of
fracture toughness.

2. Theoretical Preliminaries
2.1. Compact expressions for the SIFs in a circular disc with
a short central crack
A centrally cracked circular disc, of radius R and
thickness t, is subjected to a uniformly distributed
radial pressure p along two symmetric arcs of its
periphery L (Fig. 2). The length of the crack, 2aq,

_ P

is relatively small compared to the disc’s radius.
The axis of symmetry of the pressure p forms an
angle ¢o with respect to the axis of the crack. The
end points of the loaded rims are denoted as t;
j=1,2,3,4. The disc is in the z=x+iy=re'® complex
plane with the origin of the Cartesian reference
system at the disc’s centre. The crack is oriented
along the x-axis. The problem is considered as a
plane one and the material as homogeneous and
isotropic.
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Fig. 2: The mathematical problem and the definition of symbols.

The complex potentials characterizing the elastic
equilibrium of the as above geometry were recent-
ly [12] obtained in the form:
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Knowing the complex potentials it is possible
(following Muskhelishvili's [15] technique) to de-
termine the stress components at any point of the
disc. Focusing attention to the linear locus along
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the crack axis (excluding the crack itself) in the im-
mediate vicinity of the crack tips the stress field is
given as [12]:
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where: «k is Muskhelishvili's constant and
Prame=2pRmot is the overall external load exerted
to the disc by the loading frame. Concerning pa-
rameters T and O they are of importance only in
case the crack inclination angle ¢o exceeds the
critical value ¢ which corresponds to cracks the
lips of which are coming in mutual contact and
therefore contact stresses are generated altering
the initial boundary conditions [12, 16, 17]. In the
case considered here (¢po < der = 0) it holds that
=0=0. As far as it concerns the contact arc wo it
is here assumed that it is given by the respective
formula for the intact Brazilian disc [18], since the
crack is considered “short” with respect to the disc’s
diameter (the accuracy of the specific assumption
will be checked experimentally in Section 3).

w, = Arcsin 6Pf"”’"e</{ + 1, K+ >(4)
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In Eq.(4) (k, ) and (ki, p1) are Muskhelishvili's
constant and shear modulus of the disc’s and jaw’s
materials, respectively. The jaw’s radius of curva-
ture, according to the ISRM standard, is assumed
equal to 1.5R [5].

Given the stress field along the crack axis one
can easily obtain the mode-I and mode-II SIFs. Es-
pecially for crack inclinations which do not corre-
spond to geometries with contact of their lips (i.e.
1=0=0) the SIFs (adopting the traditional represen-
tation) read as:
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2.2.The reflected caustics technique as applied for the de-
termination of SIFs and the contact length

Shortly after Manogg introduced the method
of Transmitted Caustics [19, 20] the application of
which demands specimens made of transparent
materials, Theocaris presented the Reflected Caus-

tics method permitting the study also of opaque
materials [21, 22]. Both methods are based on
simple principles of Geometric Optics: In case a
light beam impinges on a specimen at the vicin-
ity of an intense stress field the light rays (received
on a reference plane parallel to the specimen) will
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concentrate along a strongly illuminated curve,
the caustic, due to the strong thickness variations
of the specimen. The shape and size of the caustic
curve permit quantitative investigation of critical
features of the stress field and the geometry of the
deformed area. The former property is used for the
determination of SIFs while the latter is used for
the quantification of the contact length.

In case of cracks under combined compressive
and shear loading (which is the case of the cracked
Brazilian disc with ¢o#£0) Theocaris and Sakellariou
[23] assuming traction-free crack lips (in other
words for ¢o < da) proved that the mode-I and
mode-1I SIFs are given as:

_ 0.311[D ]

K d
Z,tcA7

Ky = Kitan(¢,) (6)

where: D) is the diameter of the caustic in the
compressive field, t is the specimen’s thickness,
Zo is the distance between the specimen and the
screen, ¢ is the optical constant of the plate for re-
flections of the light rays from the rear face of the
plate and Am is the magnification factor of the set-
up (depending on the distances of the focus of the
light bundle and of the screen from the ring’s front
face). It is important to note here that Theocaris
and Petrou [24] proved that the Ki- values calculat-

2

ed from caustics at the extremities of slits (artificial
cracks in the form of rectangular hole) with a side
ratio m exceeding 40, differ from the correspond-
ing values of the Griffith crack by less than 5%.
This conclusion is very important for the present
study since the cracks machined in the experimen-
tal protocol are slits with m=40 and m=80 rather
than Griffith cracks.

A few years later Theocaris and Stassinakis [25]
used the method of Reflected Caustics to explore
also contact problems. Their approach was recently
improved by taking into account also the in-plane
displacement field [26] which was ignored in the
initial formulation. It was proven that the contact
length, ¢, developed in case a circular disc or a ring
(with a relatively small radius of its inner circle) is
compressed between the jaws of the ISRM device
is given by the following expression (Fig. 3) [26]:

4
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C* is a constant depending on the ring’s mate-
rial, the geometry and the experimental set-up,
Wy is the x-Cartesian component of the vector
W describing the caustic curve and aa is the ini-
tial curve’s, Aq, end-point (Fig. 3). According to the
analysis thoroughly described in ref. [26] W« is
given as:
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Fig. 3: The basic principles of the Reflected Caustics method and definition of symbols in case the method is used for the determination of

the contact length.

In the above Eq.(8) ro is the radius of a point z on
the initial curve (Fig. 3) while angles 9, 91, 92 and
radii r, r1, r2 are defined in Fig. 4.

9

z=x+iy=re‘i
Fig. 4: Definition of symbols appearing in Eq.(8).

3. Experimental Procedure and Results

Cylindrical discs, of radius R=10 cm and thick-
ness t=1 cm, made of PMMA were compressed
between the jaws of the ISRM suggested device
for the standardized realization of the Brazilian-
disc test. Central cracks were machined using a
0.25 mm thick jigsaw driven through a pilot hole
of diameter 0.5 mm. Two crack lengths were con-
sidered equal to either 10 or 20 mm. For the crack

inclination angle, ¢o, three cases were tested:
do = 0° (pure mode-I), ¢po = 10° (mixed mode), and
do = 30° (according to the analytic solution it cor-
responds to pure mode-II).

The typical experimental set-up of the Caustics
method was used [21], shown schematically in Fig.
5a. The ISRM device was mounted to a 50 kN elec-
tromechanical INSTRON loading frame. An overall
view of the experimental set-up is shown in Fig.
5b. The experiments were carried out under dis-
placement-control mode at a rate of 0.2 mm/min.
It is mentioned that this value is not in agreement
with the demands of the respective standards [5,
6] which dictate either a predefined stress intensity
rate (below 0.25MPav'm Isec) or a predefined test
duration ranging from 10 to 20 sec. However these
tests speeds are unconstructive for the purposes
of the present protocol and therefore the rate of
0.2 mm/min was qualified, providing monotonic
test conditions. In any case it is not expected that
speed differences of this magnitude will signifi-
cantly influence the results of the tests. The force
induced was measured by a 50 kN calibrated load
cell.

49



Laser He-Ne

Semi-reflector Specimen

Screen

b)

Fig. 5: The experimental set-up. Schematic representation (a) and
a characteristic photo (b). Representative caustics for QS() =0°(c1),
QS() =10°(c2) and (150 =30°(c3).

The caustics formed on the screen were photo-
graphed (some representative photos are shown
in Figs. 5¢) and their geometric characteristics
were measured with the aid of a standard optical
arrangement and suitable commercial software.
Using these data and taking advantage of the for-
mulae given in Section 2.2 the mode-I and mode-
IT SIFs were calculated as functions of the load.

The experimental results are plotted in Fig. 6
together with the respective ones obtained from
Egs.(5). In this figure solid lines correspond to the
theoretical predictions while square and rhomboid
symbols represent the experimental data. More-
over filled symbols correspond to the experimental
data for Ki while the empty ones to the
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Fig. 6: Experimental versus analytic results for the mode-I and
mode-Il SIFs.

respective data for Ku. It is seen from Fig. 6 that
for low load levels the agreement is satisfactory for
all cases. As the load increases some discrepancies
appear which should be attributed to the violation
of the linearity assumption in the immediate vicin-
ity of the crack tip due to the strong local stress
concentration. Moreover it should be noted that
the dependence of the theoretically obtained SIFs
on the externally applied load is not linear as it is
expected according to the standard definition of
these quantities (see for example the dotted lines
in



Fig. 7: The caustic curves formed due to the intensive stress field in
the immediate vicinity of the disc-jaw contact arc. The characteris-

tic quantity Wx “related to the contact length is indicated.

the disc-jaw contact arc. The characteristic quan-
tity Wx' related to the contact length is indicated
the first of the plots of Fig. 6). This deviation is due
to the fact that the contact angle, wo, changes as
the load increases according to Eq.(4). Finally it is
to be emphasized that for ¢o =30° the stress state
does not correspond to pure mode-I since Ki (al-
though very small) is not zeroed (in fact for the
specific configuration the critical angle, ¢er, is equal
t029.3° depending slightly on the crack length and
angle o). This is mainly due to the fact that the
cracks machined in the experimental protocol are
in fact rectangular slits rather than mathematical
cracks.

During the same experimental protocol the caus-
tics formed due to the intensive strain field around
the disc-jaw contact arc were also photographed.
A typical series of such photos are seen in Fig. 7
for ¢o=0° and crack length ratios equal to p=0.10,
0.15,0.20 and 0.25. It is seen that the characteristic
quantity Wy, which according to Eq.7 determines
the contact semi-length ¢, is more or less insensi-
tive to the crack length as long as 0<0.20. From
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this limit on the quantity Wy starts increasing (see
Fig.7d) indicating a decreased stiffness of the disc-
jaw elastic system, obviously due to the increased
length of the crack. From a quantitative point of
view, in the range p<0.2, the relative error is well
below 5% or in other words within the experimen-
tal accuracy (taking into account also the difficul-
ties in experimentally quantifying the parameter
Wi [25, 26)).

4, Discussion

Besides the points highlighted in previous sec-
tions attention should be also paid to some addi-
tional issues related to the cracked Brazilian-disc
test. The need of redefining the concept of SIFs
at least in case they are obtained from a mixed
fundamental problem is perhaps the most crucial
among them. Indeed as it is seen from Egs.(5) both
K- and Ku-SIFs appear depending on material
properties through the parameter o, i.e. through
the length of the contact arc. Such dependence is
at least peculiar and further study is required in the
direction of removing this material dependence,
as it is done for example by Markides et al. [27]. It
is mentioned however that the conclusion con-
cerning this material dependence of the SIFs is not
novel. Similar observations were already made by
other researchers (see for example Hills et al. [28]).
Along the same line Asfar and Ahmed [29] in their
study about the SIFs for a pair of edge cracks in a
semi-infinite medium with a distribution of eigen-
strain and subjected to a far field uniform applied
load concluded that the mode-I and mode-II SIFs
are given as:

Ky =vra /Cz—lfll E@x,y(-l- 1) (9)

where: 1 is the shear modulus and k is Kolosov's
constant which is also a function of Poisson’s ratio.
The similarity of Eq.(9) with Eq.(5) is striking.
Another aspect of the test that should be care-
fully considered is the local distortion of the stress
field induced by the tangential friction stresses
inevitably developed along the disc-jaw interface.
These stresses in the most general case of partial
slip along the contact arc, in case a compact disc is
squeezed between the jaws of the ISRM device, are
described by the following equation [30]:
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depending on the nature of the disc’s and jaw's
materials in contact, n is the familiar Amonton’s-
Coulomb’s coefficient of dry friction and finally Terit
denotes the point within the contact arc where
slip starts. Taking advantage of Eq.(10) it can be
proven that the relative deformability of the disc’s
and jaw’s materials, as it is expressed by the ratio of
their elastic moduli, is a decisive factor which gov-
erns the displacement mismatch along the disc-
jaw interface and therefore it dictates the magni-
tude of the friction stresses developed [30]. This is
clearly seen in Fig. 8 where the maximum value
of the distribution of friction stresses is plotted
against the ratio of the disc’s over jaw’s elastic
moduli: Friction stresses approaching 250 MPa
could be generated in case of discs made of ma-
terials with Young's modulus approaching 50% of
the respective modulus of steel (the material of
the jaw). As a result it is concluded that in case of
geomaterials with increased stiffness, comparable
with that of the jaw’s material, it is quite possible
that the friction stresses cause premature fractures
(either in the form of micro- or macro-cracking) in
the immediate vicinity of the disc-jaw interface,
jeopardizing seriously the validity of the test results
regarding the fracture toughness.

The length and orientation of the crack is the last
point that should be considered. It is already point-
ed out by many authors [31] that, in order for the fi-
nal outcome to be valid, the length of the crack (in
case the CCNBD test is used to determine the frac-
ture toughness) should exceed a critical limit equal
to about 50% of the disc’s diameter. Clearly the for-
mulae for the SIFs obtained in the present study
are not applicable in such a case since the crack
cannot be considered as a “hort” one. Preliminary
results from an approximate analytic solution for
the problem of a disc with a relatively long central
elliptic crack indicate that the results for the SIFs
are significantly differentiated. This observation in
conjunction with the respective one concerning
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Fig. 8: The dependence of the friction stresses on the relative stiff-
ness of the disc and jaw materials for various values of Poisson’s
ratio.

the rotation of the crack axis during loading [18]
support further the view that the standardized for-
mulae for Kic needs to be updated, as it has been
already indicated by a number of researchers [7-
11].

5. Condlusion

Some critical aspects of the cracked Brazilian-
disc test were considered in the light of recently
published solutions for the stress- and displace-
ment fields in a centrally cracked cylindrical disc
under uniform pressure along two finite arcs of its
periphery. It was concluded that, in case the crack
is short compared to the disc’s diameter (and also
it is of mathematical nature, i.e. of zero distance
between its lips), convenient compact expressions
can be obtained for the SIFs, independently of
whether the crack lips are stress free or in contact
in the presence of contact stresses. In addition it
was concluded that the length of the contact arc
between the disc and the ISRM jaws is accurately
enough approximated by the respective contact
length of a compact disc compressed between
the same jaws. The latter relieves existing models
and analytic solutions from the need to adopt an



arbitrary contact length (very “small”as it is usually
stated) or even configurations with point forces.

Clearly the above points, as well as these dis-
cussed in Section 4, are extremely complicated
and it is not to be expected that definite analytic
answers could be given, especially for finite do-
mains. Indeed while quite a few publications exist
concerning, for example, the overlapping lips for
a crack in an infinite medium [32-35] the respec-
tive ones for domains of finite dimensions are very
rare. On the other hand, however, the rapid devel-
opment of technology broadens the limits of ex-
perimental investigation of the respective topics
improving also their accuracy and sensitivity. For
example using the Digital Image Correlation Tech-
nique it was recently made possible to quantify the
crack axis rotation [18]. The same as above is true
for the development of engineering software and
computational facilities which are nowadays irre-
placeable tools in the hands of engineers. In this
context the present study, in spite of the many sim-
plifying assumptions adopted, could offer valuable
help in the direction of validating and verifying
such computational tools.

In any case it is evident that the cracked Brazil-
jian-disc test is by no means closed. Additional
focused research is required for the credibility of
the standardized KIC determination with the aid of
cracked cylindrical discs under compression (either
according to ISRM or ASTM [36]) to be definitely es-
tablished. Such a target is well beyond the scope
of this paper and hopefully it will be the goal of
in-depth team work coordinated by international
societies like ISRM and ASTM.
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