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Model of Solution Diffusions Through 
Membranes
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ABSTRACT
There is created in this paper a model of the diffuse drainage of solutions through 
the membranes. The possibilities of such process simulations using of the differential 
equations are presented in this article as well.

1. Introduction 
	 Diffusion of various solutions through membranes is a phenomenon occurring of-
ten in the biomedical procedures and also in other processes. There was created a 
simple mathematical model in the work [2], which enables to determine time behav-
iour of the solution concentration during the diffusional seepage. This work presents a 
mathematical model taking into the consideration an influence of various parameters 
on the diffusional process.

2. Mathematical Model
	 There is given a vessel, which is divided into two individual parts V1  and V2  by means 
of a membrane with the surface area S . The solution, which is prepared from the same 
matter, is situated in each of these two parts, whereas the level height is the same in 
both parts (Fig. 1), as well as the solution temperature is identical in the given volumes.
	 Let in the time t 00 =  the solution concentration in the part V1  equals to A  and in the 
part V2  it is B , where as A B! . If the solution concentration in the part V1  is ( )K t1  in the 
time t , t 0$  and in the part V2  this concentration is ( )K t2 , so it is:
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	 Because of A B! , the solution concentration is 
different in the individual parts. From this reason 
there is occurring a phenomenon of the diffusion-
al seepage of the matter and in this way the final 
concentrations will be equalized in the both parts 
gradually.

(2)

(1),K A01 =] g

.K B02 =] g

Fig. 1: Vessel divided with membrane.

	 There are taken into consideration also the next 
conditions:
the change of concentration in the part V1  is di-
rectly proportional to the difference ( ) ( )K t K t2 1-  
and the change of concentration in the part V2  is 
directly proportional to the difference ( ) ( )K t K t1 2- ,
the change of concentration in the part V1  is di-
rectly proportional to the ratio /V V2 1  and the change 
of concentration in the part V2  is directly proportion-
al to the ratio /V V1 2  (value of the ratio /V V2 1  or ratio 
/V V1 2  has an influence on the concentration change 

speed in the individual parts, but it has also an im-
pact on the concentration in the steady status, i.e. 
for the t " 3 ),
the change of concentration in the both parts is 
directly proportional to the value of the membrane 
surface area S ,
the speed of diffusion is directly proportional to 
the value e T

c- , where c 02 , T  is the temperature of 
solution (in the case of the absolute zero tempera-
ture the diffusional speed equals to the zero value 
and, on the other side, the highest speed could be 
obtained at the level of infinitely high solution  tem-
perature).
	 Taking into consideration the above-mentioned 
assumptions the concentration changes during the 
time interval from t  to t tD+  will be described by 
the equations:

where the coefficients a ,   b , , 02a b , are the real 
numbers. The values of these coefficients character-
ize the diffusional speed in the corresponding direc-
tion. The equations (3) and (4) will be modified:
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	 From the equations (5) and (6), using a limit trans-
formation for the t 0"D , we obtain:
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	 If we postulate that the temperature value T is 
constant and if we designate:
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so we obtain a system of the differential equations:

,
dt
dK K t K t*1

2 1$a= -] ]] g gg

( ( ) ( )),
dt
dK K t K t*2

1 2$b= - ( )12

(11)

what is a system of two linear differential equations 
with the constant coefficients. This system can be 
solved by means of the elimination method.
From the equation (11) it is expressed ( )K t2 :
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	 Using derivation of the equation (13), together 
with application of the relations (12) and (13), we 
obtain: 
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( 4)1

	 The equation (14) is a homogeneous linear dif-
ferential equation of the 2nd order. Its characteristic 
equation is:

.r r 0* *2 $a b+ + =^ h ( 5)1

	 The roots of the characteristic equation (15) are 
r 01 =  and r * *

2 a b= - +] g. Consequently the gen-
eral solution of the equation (14) :
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thus there is following from the relations (13), (16) 
and (17):
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So, the general solution of the system (7), (8) is:
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	 Applying the initial conditions (1), (2), afterwards 
from the relations (19) and (20) for the constants c1  
and c2  it is following:
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	 Such that the general solution of the system (11), 
(12), which fulfils the initial conditions (1), (2), is:
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With regard to the (9), (10) we obtain for a solution:
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	 It is evident from the relations (21) and (22) that in 
such part of the vessel, where the original concen-
tration level was higher; it will be sinking exponen-
tially and in the part with the lower original concen-
tration this will be increasing exponentially (Fig. 2).
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Fig. 2: Time behaviour of the concentrations for A>B, V
1 

/ V
2
 and 

S = S
0
 

	 It is also evident from the relations (21) and (22) 
that:
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	 According to the above-mentioned relations it is 
possible to say that after a sufficiently long time (af-
ter an infinite time theoretically) the concentration 
levels in both parts of the vessel will be settled on 
the common level
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	 Influence of the values V1  and V2  on the diffusion 
process is evident from the Fig. 3 and Fig. 4.
	 Analogically, an influence of the S  value on the 
diffusion process is clear from comparison of  the 
figures Fig. 2 and Fig. 5.

Fig. 3: Time behaviour of the concentrations for A>B, V
1 

/ V
2
 = 1/2 

and S = S
0
  

Fig. 4: Time behaviour of the concentrations for A>B, V
1 

/ V
2
 = 2 

and S = S
0
  

Fig. 5: Time behaviour of the concentrations for A>B, V
1 

/ V
2
 = 1 

and S = 2.S
0
  

3. Conclusion
	 This presented model of the diffused material 
transport through a membrane takes into the con-
sideration an influence of various parameters that 
are affecting the speed of the diffusion process run-
ning. Therefore it is possible to suppose that this 
model is able to describe the time behaviour of the 
concentrations quite exactly. However, this assump-
tion has to be verified by means of an experiment.
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