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ABSTRACT

The article describes the tuning of 2DOF analog and digital PI and PID controllers
for integrating plants with a time delay. Two methods are considered. The first is the
multiple dominant pole method, which is an analytical method and the second is an
experimental method. Both methods are very easy to use and they give a relatively
good quality to control processes. The application is shown in the example.
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INTRODUCTION

Tuning PI and PID controllers for integrating plants belongs among the more demand-
ing problems. It is caused by the existence of two integrators in the control loop, and
thereby by the great predisposition to large overshoots, eventually to oscillation and
stability loss [2] — [9].

In article [9] the tuning of 2DOF analog PI and PID controllers by the multiple dominant
pole method for integrating plants with a time delay is described in detail. In this article
the results are expanded for corresponding 2DOF digital controllers also. Furthermore,
an experimental tuning method is presented.

CONTROL SYSTEM WITH DIGITAL CONTROLLER

In Fig. 1 the simple control system with the digital controller is shown, where: G¢(z)
is the digital controller transfer function, Gp(z) — the plant transfer function, W(z) —
the transform of desired variable, E(z) — the transform of the control error, U(z) — the
transform of the manipulated variable, V(z) — the transform of the disturbance variable,
Y (z) — the transform of the controlled variable.

It is supposed that the quantization error is negligibly small and therefore the concepts
discrete and digital are considered to be equivalent.
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Fig. 1: Control system with a standard digital controller:

The integrating plant with a time delay with the transfer function

Gr(s) = %e‘T‘” )

is considered.
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Suppose that the digital-analog converter can be
substituted by the sampler and the zero-order hold,
and that time delay 7y is an integer multiple of the
sampling period T, i.e. Ty =dT. In this case the
discrete transfer function of the plant (1) has the

form [7, 8]
Gr(s) = <=1 (L—1<1ch4g) >
< s t=kT (2)
kT _,
z—1

The transfer functions of the standard analog
and digital PI and PID controllers are given in
Tab. 1, where: ry is the controller gain, 77 - the in-
tegral time, 7p - the derivative time.

For simplicity the standard digital PI controller
will be furthermore considered only, see Tab. 1.

The error transfer functions for the control sys-
tem in Fig. 1 and plant (2) are given
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For step changes of the desired wy and distur-
bance vg variables the corresponding error trans-
forms are given by formulas

EW(Z) = Gwe(Z)W<Z)
(z—1)woz
= , )
(z=1)>+roki T Kl + YT’,) z— 1] 74

Ey(2) = Gre(2)V (2)
k1Tvoz _d

=— z
T

(z—1)24+rok T Kl +>z—1] 7
T;

(6)
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On the basis of the final value theorem there can
be obtained

e (o) = lim[ (2= 1)E,(2)] =0,

ey(e0) =lim[(z—1)E,(z)] = 0.

7—

(N

Just because it demands a zero steady state error
caused by the disturbance step in the plant input it
is necessary to use controllers with the integrating
term.

Unfortunately, the integrating term causes some
problems, from which the next considerations fol-
low.

The control areas for step changes of the de-
sired and disturbance variables in accordance with
(5) and (6) are given by relations

TY ey(kT)=TlimE,(z) =0, ®)
k:() Z*}l
- . voT;
TY e, (kT)=THmE,(z) =———#0. (9)
=0 z—1 ro

The interpretation of the obtained relations is
very important. From first relation (8) it follows
that the control area is equal to zero, i.e. for the
servo step response the course of the controlled
variable cannot be without the overshoot (the sum
of the areas over the half line w(t) = wy is equal to
sum of the areas under the half line).

The interpretation of second relation (9) is
thereby the corresponding controller tuning and it
is always possible to obtain the aperiodic regulatory
response without the overshoot.

It is obvious that the same conclusions hold
for the standard digital controller PID and corre-
sponding analog controllers and arbitrary integrat-
ing plants.

From the above mentioned, it follows that the
servo and regulatory step responses cannot be si-
multaneously aperiodic without overshoots for the
integrating plants and for standard analog or digital
PI or PID controllers.

The 2DOF digital PID controller can be de-
scribed by the relation [7, 8]

U@:mPW@—ﬂ@+;;;ﬂ@
(10)
+ %Z% (CW(z) - Y(z))}



Table 1: Standard controller transfer functions.

CONTROLLER
TYPE
ANALOG DIGITAL
1 T z
1 PI 1+ — I —=—
r0<+7,ls> m(+7}z—1>

1 T Tpz—1
2 PID r0<1+T+TDs> r0<1+Z+DZ )
IS

and the corresponding 2DOF analog PID controller

1
U(s)=roy {bW(s)Y(s)+TISE(s) o

s ew(s) -1 )|

where b is the set-point weight of the proportional
term, ¢ — the set-point weight of the derivative (dif-
ference) term.

For b = ¢ = 1 from relations (10) and (11) the
standard digital and analog PID controllers can be
obtained (row 2 in Tab. 1), forb=1 and Tp =0
the standard digital and analog PI controllers can
be obtained (row 1 in Tab. 1).

DIGITAL CONTROLLER TUNING
For the 2DOF analog PI and PID controllers the val-
ues of the adjustable controller parameters were de-
rived by the multiple dominant pole method in [9]
and they are given in Tab. 2 for T = 0. On the basis
of the authors experience the adjustable parameter
values of the analog PI and PID controllers were de-
termined. These values give better results and they
are given in Tab. 2 as well.

For determining the adjustable parameter values
for the corresponding digital controllers the approx-
imate method of the bilinear transform was used
[1].

It is obvious that the following holds

27-1
s=lim =<~ (12)
THOTZ—FI =T
i.e.
k](l—sz) _
Gp()~Gp(@)| |1 el (13)
=~
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After simple approximation

T
l-s—=e

2

—sL

(Sl

the modified plant transfer function

G (s) ~ ’%eﬂ(%%) (14)
can be obtained [7, 8].

The transfer function (14) includes the quasi be-
haviour of the digital-to-analog converter and ex-
presses the fact that for a digital controller the same
adjustable parameter values can be used like that
for a corresponding analog controller but the time
delay must be increased to half the time delay.

EXAMPLE

It is necessary to tune the analog and digital 2DOF
PI and PID controllers for the integrating plant with
a time delay and transfer function (the time delay is
in seconds)

0.1
Gp(s) = Te_los.

Solution: For the given plant it holds that: k; =
0.1s7 1 7,=10s.

For the choice of the sampling period it is rec-
ommended T < 0.37; [7, 8], therefore the value
T =2 s was chosen.

On the basis of the relations in Tab. 2 the ad-
justable parameter values were computed:

a) Multiple dominant pole method (MDPM)
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Table 2: Adjustable parameter values for the multiple dominant pole method (MDPM) and experimental
method (EM).

ANALOG T =0
CONTROLLER
METHOD DIGITAL T >0
TYPE r Ty T} b* c*
1
0.46] ———— T _ _
PI 7 +% 5.828 Ty+ 3 0.293
MDPM
1
0.784 ———— r r
PID k Td"‘% 3732 Ty +3 0.263 Ty + 3 0.423 | 0.634
PI 0.6 : 415 T;+ L 0.25
Tk T+ ' at3 - ' -
EM
1
- - T T
PID ki Td+% 3Ti+3 0.35 Ty + 3 0.3 0.3
Analog 2DOF PI controller (7 = 0): b) Experimental method (EM)
1 Analog 2DOF PI controller (7 = 0):
ro =0.461—— = 0.46,
1
. ila rE=0.6—— = 0.6,
T;" =5.828T,; = 58.28. ki Ty

17 =4.15T; = 41.5.
Digital 2DOF PI controller (7 = 2):
Digital 2DOF PI controller (T = 2):

1
ry =0.461—————— = 0.42, 1
ki Tq+ 5 ry =0.6————— =0.55,
T kl Td+j
T =5.828 Ty+ = =64.11. T
2 T =415 Ty+ 5 =45.65.

Analog 2DOF PID controller (7 = 0): Analog 2DOF PID controller (7' — 0):

1
rE =0.784—— =0.78, L
0 ki Ty o *m =1
T,* =3.732T; = 37.32, T7 =37, = 30,
T;; =0.263T; = 2.63. T —035T, =35,
Digital 2DOF PID controller (T" = 2): Digital 2DOF PID controller (T = 2):
ky Ty + 5 ki Ty+ 3
Ty =3.732 Ty+ 5 =4105, T'=3 T+ =33,

T T
15 =0.263 Td+§ =2.89. 15 =0.35 Td—|—§ =3.85.



In Fig. 2 and 3 the responses of the control sys-
tem with the analog and digital PI controllers are
shown. For 2DOF PI controllers the weights were
chosen: b = 0.293 for the multiple dominant pole
method (MDPM) and b = 0.25 for the experimen-
tal method (EM).
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Fig. 2: Responses of control system with analog and
digital PI controllers for the multiple dominant pole
method (MDPM) and experimental method (EM).
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Fig. 3: Responses of a control system with analog
and digital 2DOF PI controllers for the multiple
dominant pole method (MDPM) and experimental
method (EM).

In Fig. 4 and 5 the responses of the control sys-
tem with the analog and digital PID controllers are
shown. For 2DOF PID controllers the weights were
chosen: b =0.423, ¢ = 0.634 for the multiple dom-
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inant pole method (MDPM) and b = ¢ = 0.3 for the
experimental method (EM).
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Fig. 4: Responses of control system with analog and
digital PID controllers for the multiple dominant
pole method (MDPM) and experimental method
(EM).
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Fig. 5: Responses of control system with analog
and digital 2DOF PID controllers for the multiple
dominant pole method (MDPM) and experimental
method (EM).

It is obvious that for standard controllers the
servo responses have big overshoots and for 2DOF
controllers the overshoots do not come up and
which simultaneously cuts time down.

CONCLUSION
In the article two tuning methods for analog and
digital 2DOF PI and PID controller are described.



These methods are suitable for the integrating
plants with a time delay. Both methods give rel-
atively good servo and regulatory responses. The
use is shown in the example.
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