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Abstract: Flexible fixtures increasingly acquire an extension in up-to-date 
manufacturing engineering, albeit an attempt to determine the impact of the 
flexibility on the fixture accuracy parameters was not performed in previous 
research. The aim of this work is determination the opportunity to provide 
dimension accuracy for lever machining in the high-flexible fixture. Experimental 
values of displacements of the elements of the system “fixture – workpiece” for 
the different levels of fixture flexibility were obtained by means of finite elements 
analysis. On the example of levers machining it was stated that increasing the fixture 
flexibility allows receiving in a certain range the required dimension accuracy of 
the parts. Displacements were used for obtaining the mathematical model of 
the fixture accuracy depending on fixture flexibility. This model in case of levers 
machining describes by nonlinear function of evaluated flexibility indicators. The 
method of quasilinear evaluation of the parameters was used for identification the 
design flexibility by minimization of the total square deviation using the iteration 
procedure.

Keywords: complex part, lever, mathematical model, deviation, multiaxis machining, 
flexibility, system “fixture –workpiece”, stiffness.

1. Introduction
	 Up-to-date manufacturing is characterized by producing of the multiproduct 
parts due to including the medium-batch and small-batch manufacturing 
approximately on 75%. Increasing the product range needs to complicate of 
design work for tooling manufacturing, especially fixtures. Such manufacturing 
conditions require the frequent changeovers for machining the other batch that 
leads to development and implementation of flexible fixtures, which are capable 
for readjustment in a specified size range of the part by adjusting the locating-
and-clamping elements [1]. Increasing the competitiveness of the manufacturing 
production at small enterprisers is provided by reducing the costs for design and 
manufacturing of tooling. This is especially essential for drilling, milling, and boring 
operations for complex parts machining that requires a large number of setups.
	 In this context the intensification of manufacturing has the increasing relevance, 
particularly for manufacturing processes. This foresees reducing the cost of the 
machining time by decreasing the auxiliary time, which becomes possible in 
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carrying out the surface machining in one setup. 
This ways form the actual problem due to a highly 
competitive market, multiproduct manufacturing 
and capabilities of the up-to-date metal-cutting 
machine tools [1].

2. Literature Review 
	 An effective solution for up-to-date 
manufacturing engineering is related to using 
flexible fixtures with spreading manufacturing 
capabilities, which allows reducing the preparatory 
time for readjustment, so contributes increasing an 
efficiency of machine tools using. The developed 
design solutions for locating the prismatic parts 
on the plane [2, 3], plane and two holes [4, 5], 
coordinate angle [6], as well as for locating the 
rotary parts on external [7] and internal [8–10] 
cylindrical surfaces confirmed the high efficiency 
in up-to-date manufacturing engineering [1, 11, 
12].
	 A process engineer must possess the information 
about compliance the fixture accuracy on a certain 
manufacturing operation due to the rational 
using the resources. This is necessity in order to 
not assign the high-accuracy fixture for rough 
operations and conversely, because the cost of 
fixture for machining at finish operation is much 
higher. In other words, on other equal conditions 
it’s necessary to choose exactly the design, which 
will provide the machining accuracy given by a 
designer. The main works of other researchers, 
related to the subject of fixture accuracy and 
flexibility are stated below.
	 Fundamental analysis of the importance 
of flexibility for up-to-date manufacturing  
engineering is represented in previous research. 
Specifically, the economic, organizational and 
manufacturing aspects including the information 
for variety of definitions of term “flexibility” 
were shown in the works [13–24]. Principally, 
several types of flexibility were identified, and 
the relationship between them was graphically 
represented in the work [13]. This is important to 
increase the manufacturing system flexibility, speed 
of decision making and ability of the equipment to 
adjustment within transition to new production. 
Thus, it’s necessary to minimize the time spending 
and satisfy the market by competitive production.
	 Beach et al. [25] considered the flexibility in the 
context of expanding the production capacity and 

increasing the production competitiveness. There 
were considered 11 existing types of flexibility 
and were determined the relationship between 
them. The feature of the work of Pérez Pérez et al. 
[26] is systematization and consideration of the 
main types of flexibility and comparison of their 
definitions in terms of hierarchy and strategy.
	 Chambers [27], Gaimonand and Singhal [28], 
Deshmukhetal et al. [29] and Calinescuetal et al. 
[30] emphasize that the life cycle of production 
has significantly reduced that leads to a change of 
dedicated equipment to flexible one, so this is a 
guarantee for flexibility increasing in general.
	 Correa [31] was shown the correlation between 
the size, frequency of product range changing, 
production speed and flexibility as a flowchart. He 
proposed the theory that timely manufacturing 
with uncertainty the manufacturing process must 
be flexible and has quickly response on changes 
using the monitoring and forecasting tools.
	 In research of Pelaez and Ruiz [32] the flexibility 
is represented as a strategic concept in decision 
making process, the outcomes of which allow 
giving rapid and efficient response on the 
requirements of the national and international 
markets.
	 Benjaafar and Ramakrishman [33] are differently 
consider the terms of product flexibility and 
process flexibility. Product flexibility relates to 
factory’s options and is regulated within the 
enterprise. Process flexibility is determined and 
depends on the industrial process characteristics, 
which are constantly in dynamic state, because 
for specified manufacturing time it’s necessary to 
rapid respond for change of each component that 
is included to hierarchical structure. Both of these 
terms are mutually independent, albeit they reach 
to common goal – increasing the flexibility of the 
manufacturing system in general.
	 Kaschel and Sánchez y Bernal [34] proposed 
a model of the fuzzy logic and mathematical 
programming to determine the structural and 
behavior problems occurring in a manufacturing 
system. These approaches allow to operatively 
responding on unexpected changes in market 
requirements arising in up-to-date industrial 
environment. Due to above-mentioned the 
use of flexible fixtures is a reserve for improving 
the competitiveness in up-to-date industrial 
environment. However, until nowadays it’s 
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survived the hypothesis that increasing the 
flexibility reduces the accuracy and productivity of 
machining, so it’s need to verify the possibility of 
achieving the accuracy of designed parameters for 
highly flexible-fixtures.
	 Kumbhar et al. [35] stated by means of created 
finite elements model of the system “fixture – 
workpiece” that increasing the friction coefficient 
provides higher stiffness of the fixture parts in 
applying loading, and decreasing the roughness 
of the contact surfaces leads to increasing the 
contact stiffness and reduces related contact 
deformations.
	 Papastathis et al. [36] represented the 
methodology for determining the optimal 
position of the clamping elements during the 
thin-walled parts machining. This allows reducing 
the maximum deformations and improving an 
adhesion for deformed surfaces during machining. 
In this case, the clamping elements on the 
model “fixture – workpiece” were represented as 
adjustable.
	 Tadich et al. [37] considered clamping the 
workpieces with complex geometry by using 
tapered wedges that allowed carrying out the 
parts machining from the five sides with one side 
locating. The results showed that stiffness of the 
system “fixture – workpiece” is insufficient for this 
locating method. In further research using the 
technological holes is proposed for redistribute 
the clamping force and increase loading from 
forces and moments.
	 Kang et al. [38] developed a technique for 
analysis of the fixture stability, which is realized in 
computer-aided fixture design system CAFixDV. On 
the base of created kinematic model of the system 
“fixture – workpiece” the problems of fixture 
equilibrium state are formulated and impact of the 
clamping order on fixture stiffness is investigated. 
Also, the stiffness matrix is developed for joint the 
external forces with related displacements, which 
can be evaluated by using the linear regression 
model.
	 Asante [39] investigated the impact of fixture 
stiffness and cutting conditions on the workpiece 
stability. This technique was used as a foundation 
for choosing the appropriate fixture among several 
alternatives by using the analytical approach. The 
eigenvalues of displacements for the different 
cutting conditions were detected during 

research, which allowed reducing the maximum 
displacements on 68% by changing the cutting 
conditions.
	 The matrix that taking into account the 
relationship between the workpiece locating 
error and deviation in the mispositioning and 
sizing error of clamping surfaces of the fixture 
was developed by Wang [40]. In this case, the 
features of fixture manufacturing and clamping 
points were taken into account for investigation 
of the impact on machining accuracy. The optimal 
design of the fixture was proposed for minimizing 
the machining error and decreasing an excessive 
accuracy of separate elements, that was shown as 
the example for the turbine wings.
	 Valandi et al. [41] completed the analysis of 
deflected mode of the dedicated fixture, which 
consists of a minimum number of parts. In this case, 
the required machining accuracy was achieved, 
but research of flexible fixtures has not performed.
The above-mentioned works consider the concept 
of flexible manufacturing systems and machining 
accuracy, which are expressed in the terms of 
displacements of elements of the system “fixture 
– workpiece”. However, the necessary correlation 
between these both parameters is not detected. 
Therefore, solving the problem of rational using 
the fixture resource requires determination of 
flexibility and accuracy by using the functional 
dependence.
	 The aim of this research is establishing the 
machining capabilities in the high-flexible fixture 
while compliance of the dimension accuracy by 
using the methods of mathematical modeling in 
the example of the fixture for levers machining. 
To achieve this aim the research problems are 
formulated:
adetermination of deformations of the system 
“fixture – workpiece” in fixtures with different levers of 
flexibility;
aformulating the hypothesis for depending the 
machining accuracy on the level of flexibility of the 
fixture;
adevelopment and verification of the mathematical 
model “accuracy – flexibility”.

3. Results and Discussion
3.1 Fixture Design
	 The research object is the fixture for levers 
machining (Fig. 1). Analysis of the deflected 
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Fig. 1: The fixture for levers machining.

mode was analyzed in previous research. 
Eigenfrequencies of oscillations of the system 
“fixture – workpiece”, as well as dynamic stiffness 
and amplitudes of oscillations of elements of the 
system “fixture – workpiece” were determined in 
the work [43].
	 The adjustable locating-and-clamping module 
[42] for machining the levers of different standard 
sizes within specification is developed. It allows 
reducing the changeover time and providing the 
tool accessibility of the machining surfaces. The 
represented configuration is intended for locating 
the levers of a range of diameters of central boss 
26–42 mm and thickness of arms 13–21 mm, which 
is realized by adjusting the screw mechanisms. The 
adjustable locating-and-clamping module may be 
located either on the machine tool table or on the 
baseplate, which is the element of different sets 
of the modular fixtures. This design solution in 
combination with the rotary table of the machine 
tool allows carrying out all the drilling, milling, 
and boring operations at one setup CNC multiaxis 
machining operation, performed on the CNC 
machining center. The level of flexibility of the 
proposed fixture G = 0,9 is determined within the 
previous research for number of locating standard 
lever sizes 10 units (Table 1). Due to proposed 
classification of the adjustment levels the fixture is 
categorized to the adjustable.

	 However, for reach the main aim it’s necessary 
to have an opportunity for varying of the 
level of flexibility and controlling the fixture 
displacements. This becomes possible due to the 
gradual restriction of capability for movement of 
the separate fixture elements by their merging 
together, as well as gradual transformation of the 
flexible fixture to the dedicated one. The element 

of the system “fixture – workpiece” with the 
maximum value of total displacement 0,143 mm is 
chosen as a reference point [43]. It corresponds to 
the boss face of auxiliary hole parallel to the main 
one in drilling step. The stages for restriction of 
capabilities for movement of the fixture elements, 
number of locating standard sizes, related levels of 
flexibility and readjustment levels are represented 
in Table 1.
3.2 Fixture Flexibility
	 The target function for determining the fixture 
flexibility has the following form [1]:
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where n – number of standard sizes of the 
machined parts; tchi – the changeover time of the 
fixture for machining the part of і-th standard size;
ti – the machining time for machining the part 
of i-th standard size; Ni – the batch size of i-th 
standard size.
The components tchi, ti, Ni remain constant, and 
the right multiplier is the constant unit, so the 
level of flexibility G will be depended only on 
number of standard sizes for the parts located 
in the fixture that finally makes the greatest 
impact on flexibility in terms of medium-batch 
manufacturing.
	 Further restriction of movement of the fixture 
elements is irrational, because it will not change 
the level of flexibility. Consequently, taking into 
account the base fixture design, there are 4 
different levels of flexibility, which are correspond 
to three levels of adjustment and are the 
fundamental for describing the mathematical 
model.
3.3 Formulation of the Hypothesis
	 The constraints, which are not contrary to 
physical laws, describe below:
athe level of flexibility is varying in the range  
0 ≤ G ≤ 1;
adisplacement of the elements of the dedicated 
fixture d0 = d(0);
aabsolutely flexible fixture has the displacements, 
which asymptotically tend to infinity: d(1)g∞;
aincreasing of the flexibility leads to increase the 
displacement: .G 02

2T 2
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Table 1: The fixture for levers machining with variable flexibility.

Fixtures with clamping 
charts of the fixture 

elements 
Fixed parts and contact type Number of 

standard sizes
Level of 

flexibility
Adjustment 

level
Displacement of the 

element, mm

 

– 10 0,9 adjustable 0,143

 

parts 1 and 2 – contact 
Bonded

5 0,8
partially 

adjustable 
of 3rd level

0,143

 

parts 1 and 2 – contact 
Bonded

3 0,67
partially 

adjustable 
of 3rd level

0,074
parts 3 and 4 – contact 

Bonded

 

parts 1 and 2 – contact 
Bonded

1 0
non-

adjustable
0,067

parts 3 and 4 – contact 
Bonded

parts 1 and 5 – contact 
Bonded

	 Above-mentioned constraints are graphically 
represented in Fig. 2.

Fig. 2: Graphical representation of the hypothesis “accuracy – 

flexibility”.

 

	 A similar function can be described by the 
following dependence:

,( )
( )

G
G1 m n
0D
D=
-

( )2

where d0 = d(0) – displacement of the elements 
of the dedicated fixture with the level of flexibility 
G = 0; m, n – exponents of the functional 
dependence, which are determined by the 
experimental data.
3.4 Mathematical Model
	 For minimizing the approximation error for 
experimental points (Gi, di) by the analytical 
dependence (2) the total square deviation is 
determined:
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	 The problem of determining the parameters m, 
n within the condition (3) is nonlinear and does 
not have an exact analytical solution, so it will be 
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reduced to quasilinear model relatively to m and n 
alternatively. For the further actions the algebraic 
transformations of the equation (2) is performed 
for experimental points (Gi, di):
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	 Performing logarithm procedure and 
determining the total square deviation for each 
of equations (4) and (5) it can be obtained:
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	 Evaluated parameters m, n are determined by 
the condition of equality to zero the gradient of 
the total square deviation:
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	 Obtained equations (8) and (9) are linear 
relatively to m and n, and the corresponding 
values are:
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	 The combination expressions (10)–(11) forms a 
system of two nonlinear algebraic equations of m 
and n:

( );
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which can be solved by using the simple 
iteration procedure by obtained experimental 
data of the values of the levels of flexibility 
and displacements. The flowchart of iteration 
procedure is represented in Fig. 3.
	 The iteration procedure and evaluated 
exponents m = 5,011 and n = 1,199 are realized 
by using the system of mathematical algebra 
MathCAD 14. Consequently, the target function 
of determining the fixture accuracy depending 
on the level of flexibility describes by the 
dependence:

.( )
( )

G
G1 , ,5 011 1 199

0D
D=

-

Fig. 3: Flowchart of iterative procedure for finding the coefficients 

m and n.
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	 Thereby, due to the dependence (13) the 
several fixture configurations with the different 
levels of flexibility may be corresponding to the 
condition of reaching the required accuracy. Two 
approaches has been applied for determining 
the flexibility range [Gmin, Gmax] for providing the 
predetermined (optimal) accuracy:
	 1. In case of m ≥ 1 it’s taken Gmin = 0 
corresponding to dedicated fixture, and Gmax is 
determined by the condition:

( )14

( )15

( )16

( )17

,G 1max 0dD D= +^ ^h h

	 where d – an acceptable level of accuracy 
changes of the fixture in comparison with 
dedicated fixture (Fig. 2).
	 Corresponding expression has been determined 
from the equation (14) by using the dependence 
(2):
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	 2. In case of m < 1 the optimal flexibility is 
determined by the minimum angle amin of 
inclination of the tangent to the graph of the 
function d(G) (Fig. 2). The tangent of this angle 
based on the dependence (2) is:
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	 The minimum value of the angle amin is 
determined by equation:
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	 Identical mathematical transformations allow 
describing
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3.5 Mathematical Model Analysis and Modeling
	 Evaluated values of displacements and 
corresponding levels of flexibility obtained by 
formula (13) were correlated to the experimental 
data for verifying the accuracy of the mathematical 
model (13) (Table 2). The relevant graphical 
representation is shown in Fig. 4.

Table 2: Comparing the results of the experimental data and 

mathematical model.

Level of 
flexibility G

Experimental 
values of 
displacements 
∆Е, mm

Theoretical 
values of 
displacements 
∆Т, mm

Relative 
error, %

0 0,067 0,067 0

0,67 0,074 0,079 6,6

0,8 0,143 0,107 24,5

0,9 0,143 0,189 33,7

	 Comparative graph of the experimental and 
theoretical values of displacement confirms the 
credibility of the received mathematical model, 
because the nature of the points placement is 
the same. The errors between theoretical and 
experimental data for displacements are from 6,6 
to 33,7%, moreover for the level of flexibility in the 
range 0÷0,7 the error does not exceed 10%. After 
exceeding G ≥ 0,7 the error is increasing, that 
may be explained by design specificity for the 
fixture and chosen control point for displacement 
determining. Surely, constructive restriction of 
the movement capability for the separate fixture 
elements for varying the flexibility degree does 
not impact on displacement for the certain 
cases. As shown in Table 2 there are similar 
displacements d = 0,143 mm for G = 0,8 and  
G = 0,9. Alternatively, in the range of G ≥ 0,7 the 
theoretical values of displacements exceed the 
real ones, that is the additional reserve to take 
into account other manufacturing errors, which 
can occur during machining that is especially 
important for the high-flexible fixtures.
	 The obtained mathematical model completely 
corresponds to the physical meaning for 
depending the accuracy on the level of fixture 
flexibility G, and may be used for further 
implementation of such dependences for other 
fixtures, which will be differed only by exponents 
m and n.
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Fig. 4: Approximation of the experimental data by theoretical 

curve.
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4. Conclusion
	 1. Conducted research of deflected mode at the 
most loaded step by changing the level of fixture 
flexibility is showed that the displacements change 
disproportionately. It may be explained by design 
specificity for the fixture and chosen control point 
for displacement determining. Restriction of the 
movement capability for the separate elements 
of the fixture for varying the flexibility degree 
in the certain cases is not impact to the value 
of displacement, particularly, there are similar 
displacements d = 0,143 mm for G = 0,8 and  
G = 0,9.
	 2. The analytical hypothesis is formed on the basis 
of the experimental values of displacements of the 
control point for the different levels of flexibility, 
and the related mathematical model as a power 
function is obtained. This model consider the value 
of displacements of the dedicated fixture and the 
level of flexibility of the investigated fixture as the 
alternative in manufacturing process.
	 3. The method for identification of the parameters 
of the nonlinear mathematical model “accuracy – 
flexibility” on the result of numerical experiment 
is proposed and realized by transformation to 
quasilinear regression model.
	 4. Analysis of the mathematical model is confirmed 
absolutely compliance with the physical meaning 
of the dependence of fixture accuracy d from the 
level of flexibility G. The errors between theoretical 
and experimental data for displacements are from 
6,6 to 33,7%, moreover for the level of flexibility in 
the range 0÷0,7 the error does not exceed 10%. 
After exceeding G ≥ 0,7 the error is increasing, but 
the theoretical values of displacements exceed the 
real ones, that is the additional reserve to take into 
account other manufacturing errors, which can 
occur during machining that is especially important 

for the high-flexible fixtures. More precise evaluation 
of the exponents m and n can be obtained by 
increasing the number of experimental points.
	 5. Further research will be aimed to determination 
the dependences of fixture accuracy on the level 
of flexibility for the other fixture configurations for 
levers machining on the basis of the hypothesis, 
which is verified by the proposed mathematical 
model. The mathematical dependences for the 
other fixtures will be differing only by exponents m 
and n.
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