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ABSTRACT

This article deals with the investigation of optimal actuator placement for two dimen-
sional systems. In this article the two dimensional system is represented by a clamped
plate. The intention of optimal actuator placement is to place actuators in minimal
number of actuators to ensure controllability of the system. In this article is compared
placement of force actuators and piezoelectric actuators. The approach proposed in
this article is based on the evaluation of the H> and H. norms. The optimal actuator
placement satisfies the condition of controllability.

INTRODUCTION

For the target of improving the performance control of flexible structures, it is useful to
investigate various actuators and sensors location. The first purpose of the investiga-
tion is to determine the minimal number of actuators and sensors and to meet require-
ments of controllability, observability and spillover prevention. Second purpose is that
the minimal subset of actuators and sensors has the same controllability and observ-
ability properties as the original set. The importance of actuator and sensor placement



is supported in many investigations and contribu-
tions. The articles [1, 2] used the norms H, H. and
Hankel singular values for the actuator and sensor
placement. The contributions [3, 4] use observabil-
ity and controllability grammians for the actuator
and sensor placement. Next big group of articles
use the various formulations of optimization prob-
lems [5, 6] for the solution of the actuator and sen-
sor placement the flexible structures.

Conrollability and observability

A structure is controllable if the applied actuators
excite all its structural modes. A structure is observ-
able if the realized sensors detect the motion of all
the modes. This information is limited, and answers
of mode excitation or detection are in terms yes or
no. The alternative approach uses grammians to
determine the system properties. Grammians ex-
press the controllability and observability properties
qualitatively and they are nonnegative matrices. The
definitions of the controllability and observability
grammians are in the form:

Where (A, B, C) is the state-space representation

We(t) = jexp (A7)BB" exp(A"1)dr (1)
Wo(t) = j.exp (A" 7)C" Cexp(Ar)dr (2)

0

of a time continuous system. We can express the
controllability and observability grammians conve-
niently from the next differential equations (3) and
(4)

We = AWe +Wed" + BBT (3)

Wo = A"Wo+Wod+C'C (4)
The solutions We(t) and Wo(t) are time-varying ma-

trices. For a stable system, we obtain the stationary
solutions of the above equations by assuming

We=Wo=0 (5)

Now the differential equations (6) and (7) are re-
placed with the algebraic equations, called Lyapu-
nov equations

AWc+WeA" + BB =0 (6)
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A"Wo+Wod+C'C=0 (7)

Norms

System norms serve as a measure of intensity of
its response to standard excitations, such as unit
impulse or white noise of unit standard deviations.
The standardized response allows comparing differ-
ent systems. For flexible structures the Ha norm has
an additive property - this property is a root-mean-
square sum of the norms of individual modes. All
norms of a mode with multiple inputs (outputs)
can be decomposed into the rms sum of norms of
a mode with a single input (output). When (A, B,
C) is a system state-space representation of a linear
system and let G(w) = C(jowI—A)~" is the transfer
function. The H2 norm is formulated in form (8)

IG|: = i [ r(G() Go)do (8)

A suitable way to determine the H2 norm is using
the formula (9)

|G|, = Jir(CTCWe) = (BB Wo) (9)

where We a Wo are the controllability and observ-
ability grammians.
The H. norm is formulated as (10)

G|
G =
T

where y(1) is the system output and u(%) is the sys-
tem input.

Actuator placement

Actuators and sensors placement are solved inde-
pendently and both procedures are similar. Indicate
by G the transfer function with all S candidate ac-
tuators. The index of placement g that evaluates
the k-th actuator at the i-th mode in terms of the Ha
norm is defined with respect to all the modes and all
admissible actuators (11).

(10)

Gl
2 =M g

(11)

where wii = 0 is the weight assigned to the k-th ac-
tuator and the i-th mode, n is the number of modes,
Gki is the transfer function of the i-th mode and k-th
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actuator.

The index of placement ¢g.« evaluates the k-th ac-
tuator at the i-th mode in terms of the H.. norm. This
index is defined for all modes and all admissible ac-
tuators (12).

|Gl
5.

The matrix of placement gives an insight into the
placement properties of each actuator because the
index of placement of the k-th actuator is defined as
the rms sum of the k-th column.

In case of the Ha norm, it is the rms sum of the k-th
sensor indices over all modes (13).

(12)

ki = Wi

O-sk = zo-jc (]3)
V i=1

And in the case of H. norm it is (14).

o, = mlax(o;.k) (14)

1 Example

Using H. and Ha norms for determining optimal ac-
tuator placement is presented in the following ex-
ample dealing with a clamped plane plate which is
shown in Fig. 1. Calculation of natural frequencies
and modes of the plate was done using finite ele-
ment methods in program Ansys. Analyzed model
of plate has six degrees of freedom in each node:
displacements in directions x, y, z and rotations
around these directions. The length of the plate is
50 cm, width is 40 cm and its thickness is 2,5 mm.

thickness = 2,5 mm

=40 cm

7 77777 7INT 7T T 7
width

ANAAMMM N

length = 50 cm

Fig. 1 Scheme of the clamped plate
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When a force actuator for suppressing an amplitude
of vibration is used shown in Fig. 3, then it is needed
to be placed perpendicularly to the surface of the
plate for damping the motion. Using the above
presented He norm placement technique finds
the best place for actuators functioning in direction
perpendicular to the surface of the plate to control
the first, second, third, and fourth own mode and to
control simultaneously first four modes.

d)

Fig. 2 Eigenmodes of the clamped plate presentation. a)
first mode, b) second mode, c) third mode, d) fourth mode
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Fig. 3 Applying force on the structure




Fig. 4 Actuator placement indices as a function of actuator
locations: a) for the first mode, b) for the second mode, c)
for the third mode, d) for the fourth mode

We obtain He norm Gkie for the kth mode (k =
1, 2, 3, 4) and ith actuator location. From these
norms we obtain the actuator placement indices for
each mode from (12), using weight such that maxi
(0.xi) = 1. The plots of g.« are shown in Fig. 4. The
plot of the actuator placement indices for the first
mode in Fig. 4a) shows the maximum in the middle
of the shorter free edge, and that indicates that an
actuator shall be placed at that place. The same situ-
ation appears in the third mode, although the first
and third modes are different which is shown in Fig.
4¢). In Fig. 4b) and 4d) indices for second mode and
fourth mode reach their maximal values on two free
corners of the plate.

Next, we determine the indices for actuator plac-
ing for controlling first four modes according to
(14) 0-1234i = Max(0-1i, 0-2i, 0-3i, 0-4i), We obtain three
maxima on free edge of the plate, which is shown
inFig. 5 a).

For determining the best actuator placement, the
Hz norm owiz for the kth mode (k = 1, 2, 3, 4) and
ith actuator location was used for solving this ex-
ample as well. From these norms and using (11) we
obtain indices for each individual mode and from
the equation (13) we determine the indices for the
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first four modes. Using 02,1234 we obtain indices with
two maxima on shorter free edge, and these places
are the most suitable for the actuator placement,
shown in Fig. 5b).

a)

b)

Fig. 4 Actuator placement Heo / H2 indices as a function of
actuator location. a) for the first four modes of norm Hes,
b) for the first four modes of norm H2

Also piezoelectric actuators are suitable for using in
active vibration suppression. This kind of actuator is
shown in Fig. 6. Such a piezoelectric actuator acts
against deformation on an outer layer of the struc-
ture during vibration.
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Fig. 6 Applying piezoelectric actuator on the structure

In Fig. 7 there are shown maximal strain during first
four single own modes of the plate clamped on one
edge. These maximal strains are indices for placing
actuators for decreasing a strain during vibration. As
we can see actuator placement indices are maximal
in the clamped edge but for every mode in a differ-
ent place. For the first mode which is shown in Fig.
7 a) the maximal index for actuator placement is in
the middle of a clamped edge. In Fig. 7 b), ¢), d) is
shown that indices for actuator placement for sec-
ond, third, and fourth mode are approximately on
the same places on the clamped edge.
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b)

c)

d})

Fig. 7 Actuator placement indices as a function of actuator locations: a) for the first mode, b) for the second mode, c) for
the third mode, d) for the fourth mode

He norm for first four modes according to @.1234i
= max(0.1, 0.2, 0.3, 0-4)) sShows in Fig. 8a) three
places are on clamped edge for piezoelectric actua-
tor placing. For the Ha norm using 02.1234i there are
indices with two maxima on a clamped edge, so
these places are the most suitable for the actuator
placement which is shown in Fig. 8b).

b)

Fig. 8 Actuator placement Heo / H2 indices as a function of
actuator location. a) for the first four modes of norm Hes,
b) for the first four modes of norm H2

2 Conclusion
When force actuators for decreasing amplitude
of vibration are placed according to indices of the
norm He for the first four modes, then there are
three actuators on the plate on the free edge. In
case of actuator placement according to indices of
the norm Ha for the first four modes then we have
only two actuators on the free corner. For piezoelec-
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tric actuators there are different location for optimal
actuators placement in this boundary condition.
For clamped plate, actuators shall be placed on the
clamped edge because clamped boundary condi-
tion caused maximal strain of outer layer of the plate
just on that edge. Evaluated actuator placement ac-
cording to norm He when piezoelectric actuators
are used there are three places for actuating and for
using norm Haz there are two places.
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